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Abstract 

We study the existence of weak solutions to (E) (— A) a u + g(u) = v 
in a bounded regular domain 17 in M. N (N > 2) which vanish in \ f2, 
where (— A) Q denotes the fractional Laplacian with a 6 (0, 1), v is a 
Radon measure and g is a nondecreasing function satisfying some extra 
hypotheses. When g satisfies a subcritical intcgrability condition, we 
prove the existence and uniqueness of a weak solution for problem (E) 
for any measure. In the case where v is Dirac measure, we characterize 
the asymptotic behavior of the solution. When g(r) — |r| fc ~ 1 r with 
k supercritical, we show that a condition of absolute continuity of 
the measure with respect to some Bessel capacity is a necessary and 
sufficient condition in order (E) to be solved. 
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1 Introduction 



Let O C M. N be an open bounded C 2 domain and g : R i— > R be a continuous 
function. We are concerned with the existence of weak solutions to the 
semilinear fractional elliptic problem 

(-A) a u + g(u) = v in fl, 

(1.1) 

u = in O c , 

where a 6 (0,1), ^ is a Radon measure such that J*^/9^d|^| < oo for some 
/? € [0, a] and p(x) = dist(x, Q c ). The fractional Laplacian (— A) a is defined 
by 



-A) a u(x) = lim (-A)>(x), 

£->0+ 



where for e > 0, 



(-A)>M--/ "j^ ^dx-^cfa (1.2) 



and 

Xe(t) 



0, if t€[0,e], 

1, if t > e. 
When a = 1, the semilinear elliptic problem 

-Aii+g(u) = i/ in fi, 

(1.3) 

u = on 

has been extensively studied by numerous authors in the last 30 years. A 
fundamental contribution is due to Brezis |7], Benilan and Brezis [2], where 
v is a bounded measure in ft and the function g : R — > R is nondecreasing, 
positive on (0, +oo) and satisfies the subcritical assumption: 

+°° iV-l 

(g( s ) - g(-s))s N ~ 2 ds < +oo. 



They proved the existence and uniqueness of the solution for problem (|1.3p . 
Baras and Pierre pQ studied (jl.3p when g(u) = \u\ p ~ 1 u for p > 1 and i/ is 

absolutely continuous with respect to the Bessel capacity C 2 _e_ , to obtain a 

'p-i 

solution. In [37] Veron extended Benilan and Brezis results in replacing the 
Laplacian by a general uniformly elliptic second order differential operator 
with Lipschitz continuous coefficients; he obtained existence and uniqueness 
results for solutions, when v G %R{£l,pP) with (3 € [0,1] where 5Dt(Sl, p^) 
denotes the space of Radon measures in Q, satisfying 

pPd\v\ < +oo, (1.4) 



n 
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9Jt(0, p°) = Tl b (Q) is the set of bounded Radon measures and g is nonde- 
creasing and satisfies the /3-subcritical assumption: 




jy+g-l 

(g(s) - g(-s))s N+P-^ds < +00. 



The study of general semilinear elliptic equations with measure data have 
been investigated, such as the equations involving measures boundary data 
which was initiated by Gmira and Veron [20] who adapted the method 
introduced by Benilan and Brezis to obtain the existence and uniqueness 
of solution. This subject has been vastly expanded in recent years, see the 
papers of Marcus and Veron [251 123 123 I2E]> Bidaut- Veron and Vivier [5j, 
Bidaut- Veron, Hung and Veron [3]. 

Recently, great attention has been devoted to non-linear equations in- 
volving fractional Laplacian or more general integro-differential operators 
and we mention the reference [SI O [TOl [HI H3 EH [30l [32] . In particular, the 
authors in [23] used the duality approach to study the equations of 



where p is a Radon measure with compact support. In [TJJ the authors 
obtained the existence of large solutions to equation 



where f2 is a bounded regular domain. In [13] we considered the properties of 
possibly singular solutions of (|1.5p in punctured domain . It is a well-known 
fact [3j>] that for a = 1 the weak singular solutions of (|1.5p in punctured 
domain are classified according the type of singularities they admits: either 
weak singularities with Dirac mass, or strong singularities which are the 
upper limit of solutions with weak singularities. One of our interests is to 
extend these properties to any a £ (0,1) and furthermore to consider general 
Radon measures. 

In this paper we study the existence and uniqueness of solutions of (jl.ip 
in a measure framework. Before stating our main theorem we make precise 
the notion of weak solution used in this article. 



Definition 1.1 We say that u is a weak solution of if u 6 L 1 (f2), 

g(u) € L 1 (0, p a dx) and 



where X a C C(R ) is the space of functions £ satisfying: 

(i) supp(£) C 

(ii) (-A) a £(x) exists for all x £ n and |(-A) a £(x)| < C for some C > 0, 
(Hi) there exist <p G L l (Q,, p a dx) and eo > such that |(— A)f£| < (p a.e. in 
U, for all e € (0, eo]. 



(-A) a v = p in R- 



N 




(1.5) 




(1.6) 
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We notice that for a = 1, the test space X Q is used as Cq' which 
has similar properties like (£) and (n). The counter part for the Lapla- 
cian of assumption (Hi) would be that the difference quotient V Xj: h[u](-) '■= 
h~ 1 [d Xj u(. + hej) — d Xj u(.)] is bounded by an L 1 -function, which is true since 

V X]A [u]{x) = h 1 J Q d l j ,x j u (. x + sej)ds. 

We denote by G the Green kernel of (— A) a in and by G[.] the Green 
operator defined by 

G[f](x)= [ G(x,y)f(y)dy, V/ £ L x (p,,p a dx). (1.7) 
./n 

For N >2, 0<a<l and /3 6 [0, a], we define the critical exponent 

C iV ;f o ^ fn N-2a 



if ^[0,^«], 



Our main result is the following: 

Theorem 1.1 Assume is an open bounded C 2 domain, 

a € (0,1), j3 € [0, a] and fc ai/ g is defined by A1.8\) . Let g : R — )• R 6e a 
continuous, nondecreasing function, satisfying 

/oo 
- 0(-s))s~ 1-A!a ^<Zs < oo. (1.9) 

T/ien /or any v € 9Jt(0, / o' 3 ) problem admits a unique weak solution u. 

Furthermore, the mapping: v i-> u is increasing and 

- G(i/_) < u < G(i/ + ) a.e. in fi (1.10) 

where v + and z/_ are respectively the positive and negative part in the Jordan 
decomposition of v . 

We note that for a = 1 and /3 € [0, 1), we have 

k 1B > N + /3 , (1.11) 

where fei a is given in (|1.8|) and the number in right hand side of (| 1 . 1 1 j) is 
from Theorem 3.7 in [37]. Inspired by [201 [37], the existence of solution could 
be extended in assuming that g : Q x R — > R is continuous and satisfies the 
(iV, a, (3) -weak- singularity assumption, that is, there exists ro > such that 

g(x, r)r > 0, V(ar, r)£!lx(l\ (— r , r )), 
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and 

\g(x,r)\ < g(\r\), V(i,r)efixl, 
where g : [0, oo) — » [0, oo) is continuous, nondecreasing and satisfies 

/oo 
g(s)s^ 1 ~ ka -i 3 ds < oo. 

We also give a stability result which shows that problem U.l\) is weakly 
closed in the space of measures 9Jt(fi, fr). In the last section we characterize 
the behaviour of the solution u of (jl.ip when v = 5 a for some a £ f2. We also 
study the case where g(r) = \r\ k ~ 1 r when k > k a a, which doesn't satisfy 
(|1.9p . We show that a necessary and sufficient condition in order a weak 
solution to problem 

(-A) a u+ \u\ k - l u = v in n, 

(1.12) 

u = in f2 c , 

to exist where v is a positive bounded measure is that v vanishes on compact 
subsets K of O with zero C2 a ,k' Bessel- capacity. 

The paper is organized as follows. In Section 2 we give some properties of 
Marcinkiewicz spaces and obtain the optimal index k for which there holds 

\\ G (v)\\M k (n, P -<dx) < C\\iy\\ m ^ p i3y (1.13) 

We also gives some integration by parts formulas and prove a Kato's type 
inequalities. In Section 3, we prove Theorem 11.11 It Section 4 we give 
applications the cases where the measure is a Dirac mass and where the 
nonlinearity is a power function. 



2 Linear estimates 



2.1 The Marcinkiewicz spaces 

We recall the definition and basic properties of the Marcinkiewicz spaces. 

Definition 2.1 Let fl C R N be an open domain and fj. be a positive Borel 
measure in Q,. For k > 1, k' = k/(k — 1) and u £ Ll (Q, dji), we set 



u 



M R {n,d^i) = inf{c G [0, oo] : J \u\dfi < c (^j d^ , ME C ft Borel set} 

(2.1) 

and 

M K (U, dfi) = {«£ Lj oc (n, dfj.) : ||tt|U«(n,«fcO < oo}. (2.2) 

M K (Q,dfi) is called the Marcinkiewicz space of exponent k or weak L K 
space and ||-||M re (n,<i^) is a quasi-norm. The following property holds. 
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Proposition 2.1 J3J [76]/ Assume I < q < k < oo and u G Lj oc (tl, d/i) . 
Then there exists C(q,n) > suc/i i/iai 



l-q/n 



for any Borel set E of VL. 

For a G (0, 1) and /3, 7 G [0, a] we set 

and 

t aAl = mm{t G [0, a] : > /?}. (2.4) 



Remark 2.1 T/ie quantity t a ^^ is well defined, since 

N-(N-2a)^ 



k 2 {a) 7 + 



a- 



N-a 



fcl(a) 7 1 iy-(JV-2a)^ 
a ' AT- a 



a > /3. 



Remark 2.2 T/ze function t i-> is decreasing in [0,a] with the follow- 
ing bounds 

N iV + 7 

Remark 2.3 The function t 1— >■ is increasing in [0,a], since 
(k 2 (t)\ = [N-(N-2a)l](N + 1 ) 

\h(t)J k\(t) 

As a consequence \2.J$ is equivalent to 

t a) p„ = max.{0,tp}, (2.5) 

where 



(3N-(N-2a) 7 
l P ~ N -(N-3a + 0)£ (2 - 6) 



is the solution of = j3. 



Proposition 2.2 Let SI C R N (N > 2) be an open bounded C 2 domain and 
v G 971(0,/) toit/i /? G [0,a]. TTien 

V W\M k <*,M{Sl,p-!dx) - C W v \\mp,ffiy ( 2 - 7 ) 
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where 7 £ [0,a], G[i^](x) = j n G(x,y)di'(y) where G is Green's kernel of 
(— A) a and 

*«,A 7 = < ^ (2-8) 
1 37=25 > lfnot ' 

Proof. For A > and t/ 6 fl, we denote 

= {x G \ {y} : G(x,y) > A} and m A (y) = / p 1 {x)dx. 

JA x {y) 

From there exists C > such that for any (x,y) £ Q x Q, x y, 

G(x,y) < Cmmi- L— \ (2.9) 

v>i"- \ |x — yl^- 20 I a; — i/l^ -0 |aj — y\ J 

and 

<2 ' 10) 

Therefore, if 7 € [0,a] and x € there holds 

" 7(I) £ gj^ro - <2 - u) 

Let t E [0, a] be such that — /?> where k\(t) and &2(t) are given in f|2 . 3|> . 
then 

ri . , , C Cy*(y) \> Cp*(y) 

G(x,y) < - 



\ x _ y \N-2aJ y\ x _ y \N~aJ ~ \ x _ y \N-2a+f 

We observe that 

MV) c{xen\{y}: ^ S^^i > A} C D x (y) 

where D x (y) := |x E $7 : |x — y| < ( C P* W ) jv-2a+t | ; together with (|2.1ip . 
this implies 

mx{y) < I -sr. ° P ^J 2ar dx < C P (y)^X-^\ 
Jd x ( v ) \*\x-y\^ za > a 

For any Borel set E of £1, we have 



/ G(x,y)p 1 {x)dx < / G(x, y)p 1 {x)dx + A / p 1 {x)dx 
ie JA x ( y ) Je 
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and 

G(x,y)p y (x)dx = — I sdm s (y) 



>A x (y) 

= \m\(y) + J m s {y)ds 
< C p(y) k2 ^ \ l - kl ^ . 

Thus, 

r G(x,y)p^(x)dx < C p{y) k2{t) X 1 -^ + A / p^{x)dx. 

Je 

By choosing A = [p(y)~ k2 ^ f E p' y (x)dx] fe i (t) , we have 

G(x,y)p 1 (x)dx < Cp(y)^m( / pi(x)dx) M^T. 
Therefore, 

G(jz^j)(x)p 7 (x)(ix = / / y)p 7 (a;)dxd|^(y)| 
_b Jn Je 

< C J p(y)W)d\v(y)\(J p<(x)dx) 

fciW-i 

< ^ll^llajtcn,^) (j^p 1 {x)dx\ lU , 
since by our choice of i, > (3, which guarantees that 

fc 2 (t) k 2 (t) „ f 

p(y) k iWd\v(y)\ < maxp'iW p / 
As a consequence, 

ll G (^)llM fc i(*)(n,p7dx) ^ c \H\<m(n,pP)- 

Therefore, 

^«,/3,7 : = max{fci(t) : t € [0, a]} = ki(t a> p t j), 

where t a ^ n is defined by (|2.4p and fc Qjj g )7 is given by (|2.8|) . We complete the 
proof. □ 

We choose the parameter 7 in order to make fc Qii g j7 the largest possible, 
and denote 

k at /3 = max fc a)/ g i7 . (2-12) 

7G[0,o] 

Since 7 h4 k a ^^ is increasing, the following statement holds. 
Proposition 2.3 Let N > 2 and & a>i g 6e defined by A2.12\) . then 

( N if q c [n N - 2a n;1 

, I N—2a ' 11 P fc L u i N h f > 
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2.2 Non-homogeneous problem 

In this subsection, we study some properties of the solution of the linear 
non- homogeneous, which will play a key role in the sequel. We assume that 
$7 C M^, N > 2 is an open bounded domain with a C 2 boundary. 

Lemma 2.1 (i) There exists C > such that for any £ G Xq, i/iere holds 

||Clb«(^)<C|l(-A) a ClU-(n) (2-14) 

and 

iip- Q eiic«(^)^ c ii(- A )^n^w- ( 2 - 15 ) 

where < 9 < min{a, 1 — a}. In particular, for x G 0, 

\Z(x)\<C\\(-An\\ Laom p<*(x). (2.16) 
(ii) Let u be the solution of 

(-A) a u = f in Q, 

(2.17) 

u = in Q c , 
w/iere / G C"?(fi) for 7 > 0. TTiera u G X Q . 

Proof, (i). Estimates (|2.14p and ()2.15p are consequences of [30], Prop 1.1] 
and |3Ul Th 1.2] respectively. Furthermore, if r/i is the solution of (|2.17|) 
with / = 1 in O, then i]i > in f2 and by follows [30} Th 1.2], there exists 
C > such that 

C- 1 < — < C in n. (2.18) 

In this expression the right-side follows [6U\ Th 1.2] and the left-hand side 
inequality follows from the maximum principle and Th 1.2]. Since 

-||(_A) a £|| LO o (n) < (-A) Q £ < ||(-A)°<eiU»(n) in O, 

it follows by the comparison principle, 

-||(-A) a £IU~ ( n)77i(s) < t(x) < U-AnUoo^mix). 

which, together with (j2. 18fl . implies (|2.16p . 
(ii) For r > 0, we denote 

O r = {z G Q : dist(z, dQ) > r}. 

Since / G C 7 (0), then by Corollary 1.6 part (i) and Proposition 1.1 in [30] . 
for 6 G [0, min{a, 1 — a, 7}), there exists C > such that for any r > 0, we 
have 

IMIc 2a + 9 (fV) ^ Cr~ a ~ 
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and 



Then for iGll, letting r = p(x)/2, 

\5(u,x,y)\<Cr- a - d \y\ 2a+d , Vy G B r (0) (2.19) 

and 

\6(u,x,y)\ <C\y\ a , Vy G R N , 
where S(u, x, y) = u(x + y) + u(x — y) — 2u{x). Thus, 



z Jr n \y\ 



If \6{u,x,y)\ 1 f \6{u,x,y)\ 
~ 2j Br{0) \y\»+»> dV+ 2j Bm \y\»+»> dy 
Cr - a -e r l c r 1 , 

< c P (x)~ a , xen, 

for some C > independent of e. Moreover, p~ a is in p a dx). Finally, 

we prove (— A)"u —> (—A) a u as e — > + pointwise. For x G 0, choosing 
e G (0,p(x)/2), then by (127T9]) . 



-Arn(^)-(-A)>(x)| < ijf 



|5(u,x,y)| 



i„iJV+2a! ^ y 

B e (0) 12/1 
< C P (x)- a - e € e 

-> 0, e^0 + . 

The proof is complete. □ 

The following Proposition is the Kato's type estimate for proving the 
uniqueness of the solution of (jl.ip . 

Proposition 2.4 // v G L 1 (0, p a dx), there exists a unique weak solution u 
of the problem 

(— A) a u = v in n, 



u = in f2 c 

For any £ G X a; £ > 0, uie Ziaue 



(2.20) 



and 



/ \u\(-A) a £dx < / £sign(u)vdx (2.21) 
Jn Jn 

/ u+(-A) Q £dz < / £sign + (u)udx, (2.22) 
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We note here that for a = 1, the proof of Proposition 12.41 could be seen 
in [37\ Th 2.4]. For a £ (0,1), we first prove some integration by parts 
formula. 

Lemma 2.2 Assume u, £ € X a , then 

[ u(-A) a £dx = [ £(-A) a udx. (2.23) 
Jn Jn 

Proof. Denote 

(-A)^(x) = - / f Z) ~,Hit xe(\x ~ z\)dz. (2.24) 
Jn \z — x\ 

By the definition of (—A)", we have 

/ a \ f \ f u(z)—u(x) .. , . . f Xe{\x — Z\) , 

(-A)>(X) = - / ^ ^ Xe(\x-Z\)dz + U(x) t \\N + L dZ 

Jn \z — x\ ^ Jqc \z — x\ 

a 



We claim that 



h{x){-A)f l u{x)dx = / «(x)(-A)S i6 C(x)dx, foru,£eX Q . (2.25) 



By using the fact of 



u(z) - u(x)]£(x) /" /" [u(x) - u(z)]£(z) 

X e (|s - z|)ctedx = / / — : rrr-^- — Xe{\x - z\)dzdx, 



/nJn |z-x| T JnJn |^-x| 
we have 

e(x)(-A)B, e n(x)dx 

1 /■ f,( ^Hi(i|(j (u(g) - n(z))g(z) 



n 



n ./n 



2 

i /■ /■ [u(z)-«(x)][c(«)-e(x)i 

— X e (|x — z\)azax. 



^ in \ z x \ 

Similarly, by the fact that u £ X a , 

/ w ana- ^/ n, 1 f f l u ( z ) — u (x)]\t;(z) — ,, , , 

U(x)(-A)f l ^(x)dx=- / y 4 7J X e(|x-z|)^X. 

z JnJn \z — x\ 

Then ()2.25|) holds. In order to prove ()2.23[) . we first notice that by f)2.25[) . 

ax)(-A)^Mx)dx+ [ u(x)t(x) [ * MX '/Ji dzdx 
Jn Jn c \z — x\ 

u(x)(-A)^(x)dx+ I u{x)Z{x) I ^ X ~^ a dzdx 
Jn Jn c \z — x\ 

( u(x)(-A)^(x)dx. (2.26) 
Jn 
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Since u and £ belongs to X a , (-A)££ -> (— A) Q ^ and (-A)f it (-A) Q u 
and |u(-A)££| + |f(-A)?u| < Cy> for some C > and <p G L l (Q,p a dx). It 
follows by the Dominated Convergence Theorem 



lim / £(»)(-A)>0r)(£c = / £(x)(-A) Q n(x)(i:r 

and 

lim / (-A)?Z(x)u(x)dx = [ (-A) a Z(x)u(x)dx. 

Letting e -> + of (l236]l we conclude that (|2T23l) holds. □ 
For 1 < p < 00 and < s < 1, W s ' p (n) is the set of £ G L p (ft) such that 

!£(*)- £(y)l p 



n Jn 



\x - y\ N+s P 



-dydx < 00. (2.27) 



This space is endowed with the norm 



UWw^n) = ( [ \H(x)\ P dx + / / l f x) ^JJ dydx) * . (2.28) 
\Jn Jn Jn \ x ~ V\ y J 

Furthermore, if f2 is bounded, the following Poincare inequality holds |35t p 
134]. 



1 ... ... . 1 

V 



Ux)\Ux^ V <c[f n J n yl N+S dydx j - , V£ G C c °°(0). 

(2.29) 

Lemma 2.3 Let u G X a and 7 be C 2 in the interval u(Q) and satisfy 7(0) = 
, then u G W a,2 (£l), 70U £ X Q and for all x £ Q, there exists z x G such 
that 

, »n,w . . . . , ww , , j"ou(z x ) f (u(y) — u(x)) 2 , 

(-AH7 o u)(x) = (7' o u)(x)(-A) a u(x) - 1 KxJ / \ Kyj dy. 

z iy — x i 

(2.30) 

Proof. Since u G C(O) vanishes in f2 c , 70U shares the same properties. By 
(|2.14p . for any x and y in $7 

(u(x) - u(y)) 2 < C|x - y| to ||(-A) a «||£„ (n) . 

Then u G W Q,2 (f2). Similarly 7 o u G VK a,2 (f2). Furthermore 

(7 o u)(y) -(70 n)(x) = (7' o u )(x) (u(y) - u(x)) + / (u(y) - t)j"(t)dt. 

J u(x) 
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By the mean value theorem, there exists some r E [0, 1] such that 



u[y ) , x v // / \ i y'(™(f/) + (l-r)«(x)), . . . ,, 2 
u(a;) ^ 



Since 7" is continuous and u is continuous in $7, 



My) 
( 

/ u(:r) 

and by (l2HD . 



(«(y)-t) 7 "(*)dt 



«(»/) 



< —(u(y) - u{x)) 



y— x\>e Ju(x) 



{u{y)-t)i'{t)dt- 



dy 



\y - x 



N+2a 



< 



17 ou IIl° 



dy 



2 ./<> |y-a 
Notice also that ru{y) + (1 — r)u(x) E u(fj) := /, therefore 



N+2a ' 



miny'(t) < i'(Tu(y) + (1 - r)u(x)) < max^'ft), 
tei tei 



thus 



min te j7"(i) [ (u(y) - u(x)f 



dy 



n |y-*r+ 2 ° 

< / / («(y) " *)7"W^r-Jv^ 
JnJu(x) \y — x \ 

max tg j7 // (t) /" («(y) --»(x)) 2 ^ 
Since 7" is continuous, there exists to £ I such that 



(«(y) - t)7"(t)cft 7 



dy 



7" (to) / My) - u(x)) : 



|Af+2a 



dy 



^ •/«(*) |y-x|-— z 7 n ly-xl^ 2 " 

and since u is continuous in 1^ and vanishes in Q c , there exists z x E fi such 
that to = ^(^x)) which ends the proof. □ 

Proof of Proposition 12.41 Uniqueness. Let w be a weak solution of 



(-A) a w = in n 
uu = in S7 C . 

If w is a Borel subset of J7 and 77u,n the solution of 



in f] 

in S7 C , 



(2.31) 



(2.32) 
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where ( n :0i-> [0, 1] is a C 1 (il) function such that 

( n — > Xu hi L°°(Cl) as n — >• oo. 
Then by Lemma 12. II part (m), rju^ G X a and 

wCndx = 0. 

Then passing the limit of n — > oo, we have 

wcte = 0. 



This implies it; = 0. 

Existence and estimate h2.21\) . For 5 > we define an even convex function 
by 

f |t|-l if |t|><S, 
Mt) = { t2 , (2-33) 

II,, if |t|<*/2. 

Then for any t,s £ R, |<^(i)| < 1, <fo(i) -> |i| and <^(i) -> sign(t) when 
<5 — > + . Moreover 

(2-34) 

Let be a sequence functions in C 1 (J7) such that 

lim / \u n — u\p a dx = 0. 
n ^°° Jn 

Let u n be the corresponding solution to (|2.20p with right-hand side v n , 
then by Lemma 12.11 u n G X a and by Lemmas 12.21 12.31 for any 5 > and 

£ € x a , £ > o, 



(u n )(-A) a tdx= / e(-A) a ^(« n )da; 

< / A)°Wix (2.35) 

Jn 

i4>' s {u n )v n dx. 



Letting 5 — > 0, we obtain 

/ |ii n |(-A) a £dx < / £sign(u n )i/ n dx < / £|i/ n |da;. (2.36) 
Jn Jn Jn 

If we take £ = 771, we derive from Lemma 12. II 

/ \u n \dx <C \u n \p a dx. (2.37) 
Jn Jn 
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Similarly 



/ \u n -u m \dx<C \v n -v m \p c 
Jo. Jo 



dx. 



(2.38) 



Therefore {u n } is a Cauchy sequence in L 1 and its limit u is a weak solution 
of (pT20|) . Letting n ->■ oo in ([2736]) we obtain (f2~2"T]) . Inequality (f2~22|) is 
proved by replacing <p$ by ^ which is zero on (—00, 0] and 4>s on [0, 00). □ 

The next result is a higher order regularity result 

Proposition 2.5 Let the assumptions of Proposition \2.2\ be fulfilled and 
< j3 < a. Then for p G (1, N+ p_ 2a ) there exists c p > such that for any 
v G L x {%(fidx) 



||G[z/]|| W 2 a - 7 ,p( Q ) < Cp||^|| L i (QjP ^ d2 .) 

A ;t a ^ n „„,v ^ AT 



w/iere 7 = /3 + 4 i/ /3 > and 7 > 4 i/ /? 



0. 



Proof. We use Stampacchia's duality method [33] and put u 
V> G (7^(0), then 



(2.39) 



M. If 



V^(-A) a udx 



v\ \ijj\dx 

< sup |/0~^| / 
n Jn 



v\p@dx 



(2.40) 



< \m\cf<(n)\W\\L^(n,pi3dx)- 
By Sobolev-Morrey embedding type theorem (see e.g. [291 Th 8.2]), for any 
P € (1, jv+ffUj and p'=^T> 



c/3(n) ^ c 'll^llw7,p'(n) 



with 7 = /3 + f if (3 > and 7 > 4 if /3 = 0. Therefore, 



A? 



^(-A) a udx 



(2.41) 



which implies that the mapping ip 1— > j n vp(—A) a udx is continuous on W 7 ' p '(fi) 
and thus 

||(-A)«u|| w -.,,p (n) < C7||i/|| Ll(njpP<te) . (2.42) 

Since (— A)~ a is an isomorphism from W~' y ' p (Q) into W 2a ~' y,p (^l), it follows 
that 

||u|| H /2 Q - 7 ,p( n ) < C\\v\\ L i( UiP /3 dx y (2.43) 

□ 

Proposition 2.6 Under the assumptions of Proposition \2.5\ the mapping 
v 1 — G[u] is compact from L 1 ^, p@dx) into L q ({l) for any q G [1, N+ ^_ 2a ) ■ 

Proof. By [291 Th 6.5] the embedding of W 2a ~^ '(Q) into L 9 (0) is compact, 
this ends the proof. □ 
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3 Proof of Theorem 11.11 

Before proving the main we give a general existence result in p a dx). 

Proposition 3.1 Suppose that is an open bounded C 2 domain ofR N (N > 
2), a G (0, 1) and the function g : R — > K is continuous, nondecreasing and 
r g{f) > /or a// r € M. T/ien /or any f G p a dx) there exists a 

unique weak solution u of U.l\) with v = /. Moreover the mapping f i— )■ u 
is increasing. 

Proof. S'tep -Z: Variational solutions. If u; G L 2 (S7), we denote by w its 
extension by in fl c and by IV,?' 2 (Q) the set of function in L 2 (f2) such that 



Hl^,2 (n) 



:= / |w| 2 (l + \x\ a )dx < oo, 



where w is the Fourier transform of w. For e > we set 

J(w) = \ [ ((-A)W) dx+ [ (j(w) + ew 2 )dx, 
2 Jr^ v ' Jn 

with domain D(J) = {w G H 7 ?' 2 ^) s.t. j(«0 G £ X (^)} and J( s ) = 
Jq g(t)dt. Furthermore since there holds J{w) > cr||ii>|| 2 a , 2 for some 0" > 0, 
the sub differential 9J of J is a maximal monotone in the sense of Browder- 
Minty (see [6] and the references therein) which satisfies R(dJ) = L 2 (S7). 
Then for any / G L 2 (f2) there exists a unique u e in the domain D(dJ) such 
that dJ(u € ) = f. Since for any ip G W c a ' 2 (fi) 

/ (-A)%w(-A)%ipdx = (4vr) a / w^\x\ 2a dx = [ ^(-Af 
Jr n Jr n Jn 

8J(u e ) = (-A) a u e + 5 (u £ ) + 2eu = /, 

with ii e G Wc 2q ' 2 (0) such that g(« e ) G L 2 (S1). This is also a consequence of 
[61 Cor 2.11]. If / is assumed to be bounded, then u G C a (J7) by [30, Prop 
1.1]. Note that more delicate variational formulations can be found in |21| . 



wdx, 



Step 2: L 1 solutions. For n G N* we denote by u n , e the solution of 

{-A) a u n)e + g(un, e ) + 1eu n ^ = f n in n , . 

u nj£ = in Q c 

where f n = sgn(/) min{n, |/|}. By ()2.36p with £ = rji, 

/ {\u n ,e\ + (2e\u n ,e\ + \g(u n ,e)\)m) dx < / |/ n |??i^< / l/jr/idx, (3.2) 
Jn Jn Jn 
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and, for e' > and m £ N*, 

(\u njt - u m>el \ + \g(u n<e ) - g(u m!e >)\r]i) dx 



f (3 - 3) 
< / (\f n ~ fm\ + 2e|« n)e | +2e'|Wm,e'|) Vl dx - 

Jn 

Since /„—>■/ in p a dx), {u n:€ } and {g o u„ )(E } are Cauchy niters in 

L 1 (r2) and L 1 (f2, p a dx) respectively. Set u = lim ?WOO)e _ s .o u„ j(E , we derive 
from the following identity valid for any £ € X Q 

/ (u nie (-A) a £ + g(u nie )g,)dx = / (/ n - eu ni6 ) £dx 
Jn Jn 

that it is a solution of (jl.ip . Uniqueness follows from ()2.36j) - (j3.3[) . since for 
any / and /' in L 1 (J7, p a dx), the any couple (u,u') of weak solutions with 
respective right-hand side / and /' satisfies 

/ {\u-u'\ + \g(u)-g(u')\ Vl )dx< f \f - f'\ m dx. (3.4) 
Jn Jn 

Finally, the monotonicity of the mapping / i— > u follows from (|2.22|) thanks 
to which (13.411 is transformed into 



((« - «')+ + (9(u) - g(u')) +m ) dx< / (/ - D+mdx. (3.5) 

Jn 

□ 

Proof of Theorem II. 1L Uniqueness follows from (|3.4p . For existence we 
define 

C„(«) = K G C(O) : G C(O)} 

endowed with the norm 

HCIIc^(fi) = l|P _/9 Cllo(fl)- 

We consider a sequence {v n } C C l (£i) such that v n ,± — > v± in the duality 
sense with Cs(Q), which means 



lim / (,v n ^±dx = / (,dv± 
In Jn 



for all £ G C/j(J2). It follows from the Banach-Steinhaus theorem that 
ll^nllgjtfn,/^) is bounded independently of n, therefore 

(\u n \ + \g{u n )\rn) dx < / \u n \rndx < C. (3.6) 
n Jn 
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Therefore ||<7(iin)||2n(n,p a ) is bounded independently of n. For e > 0, set 

£ e = (771 -|-e) « - £", which is concave in the interval 77(a)). Then, by Lemma 
12.31 part (ii), 

, * 0, >tH, . s n 0(0 — a) . . /3-2c /" (771 (y) — 771 (:r)) 2 , 

> -(771 + e) « , 
a 

and £ e G X a . Since 

(K|(-A)% + | 5 (u n )|£ e )(ix< / £ e d[i/ ft |, 



we obtain 



If we let e — > 0, we obtain 

/3 fcn £\ /" £ 



«n|-?7i a +|y(M n )|?7f cfa< / 77fd|i/ n |. 
n \ « J Jn 

By Lemma 12.31 we derive the estimate 

(K|/- a + \g(u n )\p P ) dx < C\\v n \\ m(sljplS) < C. (3.7) 
Since u n = G[u n — g(u n )], it follows by (|2.7p . that 

IWImV^JV^) ^ IK _ 9(«n) ||an(n,p^)) ( 3 - 8 ) 

where fc Q)/ g is defined by (j2. 13j) . By Corollary 12.61 the sequence {u n } is 
relatively compact in the L q (fl) for 1 < q < N+ ^_ 2a . Therefore there exist 
a sub-sequence {u nk } and some u € L 1 (f2) n L q (£l) such that u nk — > u in 
L <? ($7) and almost every where in Q. Furthermore g(u nk ) — > g(u) almost 
every where. Put g(r) = g(\r\) — g[— \r\) and we note that \g(r)\ < ff(|r|) for 
r£l and g is nondecreasing. For A > 0, we set S\ = {x £ : \u nk (x)\ > A} 
and u>(X) = f s p^dx. Then for any Borel set E C O, we have 

/ \g(u nh )\pP dx = \ \g(u nh )\pPdx + / \g(u nk )\p dx 
Je JEns c x JEnSx 

<g(X) [ p?dx+ [ g{\u nk \)pPdx 

JE JSx 
p roc 

< g(X) / pPdx - / g(s)dw(s). 
Je Jx 
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But 



/; 



g(s)du(s) = lim / g(s)du)(s). 



A 



Since u nk £ M ka 'P(Q, p^dx), lo(s) < cs ka -P and 

f T T 1 S=T l' T 

- j 9(s)duj(s) = - g(s)uj(s) + / 

J A L Js=X J. 



g(s)du(s) = - g(s)u(s) + / 

J s=A J A 

< g(X)uj(X) - g(T)oj(T) + c 



ui(s)dg(s) 

T 



dg(s) 



A 



< ~g(X)u(X) - g{T)uj(T) + c (t^^T) - A" fc ^(A)) 



+ 



k a ,p + 1 



-1-fc, 



g(s)ds. 



By assumption (jl.9p there exists {T„} — > oo such that T n a ' t:l g{T n ) — > 
when n —> oo. Furthermore g(X)uj(X) < cA~ fca ^^(A), therefore 



k a ,i3 + 1 



-i-fen 



' j g(s)ds. 



Notice that the above quantity on the right-hand side tends to when 
A — > oo. The conclusion follows: for any e > there exists A > such that 



k a R + 1 



'9(s)ds < - 



and 5 > such that 



J p ?dx <5^ g(X) [ p^dx < 
Je Je 



This proves that {g o u nk } is uniformly integrable in L 1 (0, p^dx). Then 
g ° u~n k 9 ° u in -L 1 (Q, p@dx) by Vitali convergence theorem. Letting 
— > oo in the identity 

/ K (~ A ) a ^ + ° «nj cfe = / ^n^z 

where £ E Xq,, it infers that u is a weak solution of (jl.ip . 

The right-hand side of estimate (|1.9p follows from the fact that v rii+ := 
G[z/ nj+ ] satisfies 

(-A) Q f„,+ + ) = V n)+ + g(v Ut+ ) > U n 

Therefore v n<+ > u n by Proposition 13.11 Letting n — > oo yields to (jl.lO|) . 
The left-hand side is proved similarly. 
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To prove the mapping v i— )■ u is increasing. Let v\,vi G 97t(il, / o^) and 
^1 > ffc, then there exist two sequences {fin} and {^2,n} hi C°°(Cl) such 
that ^i jn > V2,n and 

!/j n — > i/j asn-> oo, i = 1, 2. 

Let Uj n be the unique solution of (jl.ip with fj jTl and Uj be the unique solution 
of (jl.ip with ui where i = 1,2. Then m n > it2n- Moveover, by uniqueness 
Uj in convergence to u-i in for i = 1 and i = 2. Then we have ui > it2- 

□ ' 

Corollary 3.1 Under the hypotheses of Theorem \1.1\. we further assume 
that {fn} is a sequence of measures in 97T($7,p^) and v G 97T(f2,/y 3 ) smc/i 
i/iai /or any £ G C^(0), 



£df n — > / as n — > oo. 

T/ien i/ie sequence {u n } of weak solutions to 

(—A) a u n + g o u n = u n in 0, 

h„ = in f2 c . 



(3.9) 



converges to the solution u of (jl.ip in L q (Vl) for 1 < q < N+ ^_ 2a an d 
{g o Un) converges to g o u in L 1 (0, p^dx). 

Proof. The method is an adaptation of |38j. Since v n — > v in the duality 
sense of Cp(Cl), there exists M > such that 



< M, Vn G N. 



Therefore (j3.7|) and (|3.8p hold (but with u n solution of ()3.9p ). The above 
proof shows that {g o u n } is uniformly integrable in L 1 (f2, pP dx) and {u n } 
relatively compact in L q {yi) for 1 < q < N+ ^_ 2a ■ Thus, up to a subsequence 
{«„J C {u n }, u nk — > u, and u is the weak solution of (jl.ip . Since u is 
unique, u„ — > u as n — > oo. □ 

Remark 3.1 Under the hypotheses of Theorem M.li we assume v > 0, then 

G(u) - G(g(G(v))) <u < G(v). (3.10) 

Indeed, since g is nondecreasing and u < G(v), then 

u = G(u)-G{g(u)) 
> G(u)-G(g(G(u))). 
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4 Applications 

4.1 The case of a Dirac mass 

In this subsection we characterize the asymptotic behavior of a solution near 
a singularity created by a Dirac mass. 

Theorem 4.1 Assume that f2 is an open, bounded and C 2 domain of~M. N (N > 
2) with € f2, a € (0,1), v = 5q and the function g : [0, oo) — s> [0, oo) is 
continuous, nondecreasing and kl.9\) holds for 

N 

k a0 = • (44) 

'° N-2a V ; 

Then problem lil.l}) admits a unique positive weak solution u such that 



\im u(x)\xr ~ 2a = C, (4.2) 



for some C > 0. 



Remark 4.1 We note here that a weak solution u of with v = 5q 

satisfies 

(-A) a u + g(u) = in fi\{0}, 

KT ( 4 - 3 ) 

m = in 1 N \!1. 

The asymptotic behavior (|4,2p is one of the possible singular behaviors of 
solutions of (|4.3|) given in 

Before proving Theorem 14. 1\ we give an auxiliary lemma. 

Lemma 4.1 Assume that g : [0,oo) — > [0, oo) is continuous, nondecreasing 
and 111.9]) holds with k a ^ > 1. Then 

lim g(s)s~ ka ^ = 0. 

s— >oo 

Proof. Since 

g^r^^dt^g^^s)- 1 -^-? j dt = 2- 1 - ka -f ) g{s) S - k ^ 

J S 

and by (fL9l) . 

/■zs 
g(t)t-^ k ^dt = 0. 



p2s 

lim 



Then 

lim g(s)s~ ka - 13 = 0. 

s— >oo 

The proof is complete. □ 
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Proof of Theorem 14.11 Existence, uniqueness and positiveness follow 
from Theorem Q with (3 = 0. For (02]), we shall use (fTTTUJ) . From [12] 
there holds, 



°<TZ^-G(^)<Z7nW^> ^O\{0}. (4.4) 



|x|^ _G!(x ' 0)< Kof 

for some C > dependent of iV and a. Since 



G(<5 )(x) = G(x,0)<^-^, xen\{0}, 



then 



< G(g(G(8 )))(x)\x\ N - 2a 

~ L\e x -y\ N - 2a9i (\x\\z\r-^ )dzlxlN 

= \ X \ N / n rrv=2^g( /i.- CTg )^ 



1/2 



,7V / 1 , C 



+ M ' L^ /2 (e,)|e,- y r- 2 ^ ( (|x||z|)^J^ 



:= A 1 (x)+A 2 (x), xefl\{0}, 
where e x = x/\x\. By Lemma |4.1| 



\x t 

-» as Ixl — > 



2^-2" C. ( 

L / 2 (e x ) \ e x — y\ } 



A x {x) < \x\ N g( / v- -j]v=2£ d * 



Si 



and by JO 



_ / -i N 

< C / „ 5 (Cs)s _1 ~^^ds 



M 

— > as Ixl — >• 0, 



where i? > such that B R (0) D 0. That is 



lim G( 5 (G(5 )))(x)|x| JV -^ = 0. (4.5) 

|£D| — »-0 

We plug (HUD and J33J) into ([37L0]) . then JO]) holds. □ 
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4.2 The power case 

If g(s) = \s\ k ~ 1 s with k > 1, then ()l,9p is satisfied if 1 < k < k a ^ where k a p 
defined by (|2,13p is called the critical exponent with limit values k a ^ = N ^ 2a 
and k a ^ a = j^zzr - If we consider the problem 



(-A) a tt+|ti| fc_1 « = i/ in n, 

(4.6) 

u = in fi c , 

then if 1 < k < k a ,p it is solvable for any v G yjl(Q,pP), but it may not 
be the case if k > k a g. As in the case a = 1, the sharp solvability of 
(|4.6p is associated to a concentration property of the measure v and this 
concentration is expressed by the mean of Bessel capacities. If k > 1 and 
A/ = tzr, we define for any compact set X C f2, 

= inf{||<A||^ 2a . fc , (n) : G C c °°(n),0 < < IA= 1 on if}. 

(4.7) 

Then C2 a ,k' is an outer measure or capacity in f2 extended to Borel sets 
by standard processes. Our result is the following in the case of bounded 
measures 

Theorem 4.2 Assume Q is an open bounded C 2 domain in W N and k > 1. 
Then problem (j4.6|) can be solved with a nonnegative bounded measure v if 
and only if v satisfies on compact subsets K C ft 

C^ k ,(K) = 0^v(K) = 0. (4.8) 

Proof. 1-The condition is necessary. Assume u is a weak solution and let 
K C Q be compact. Let 4> G C™(R N ) such that < cf) < 1 and <j>(x) = 1 for 
all x £ K, and set £ = cj) k , then £ G X a and 

/ (u(-A) a £ + u k A dx = [ £dv. 

Since £ > xk it follows from (|2.30p that 

{k'^ k '- l u{-A) a <j) + fc 'u fe ) dx > u{K). (4.9) 

By Holder's inequality 

fc '~ 1 n(-A) a (/)dx 



< M (j) k 'u k dxj (J \(-A) a 4>\ k dxj (4.10) 
By [21 Th 5.4], there exists cj) G W 2 "'*' (R-^) such that 4>[ n = 4> and 
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Then, by standard regularity result on the Riesz potential (—A) a in Mr, 

<f ) k '- 1 u{-^) a ( f)dx <( f (f> k 'u k dxY ( [ \(-A) a <j)\ k ' dx^ 
\Jn J \Jr n j 



n 



< a n<t> k 'u k dxY u\\ w2a , k , (RN) (4.H) 
<c Qj k 'u k dx^j k ' u\\ w , a ,« {a) . 

Therefore (|4.11j) . yields to 

C\\4>\\ W 2 a , k ' ^ H (f> k 'u k dx^j " + jf cj) k 'u k dx > u(K). (4.12) 

If C^ a = 0, there exists a sequence {<fi n } C C£°(fi) such that < 4> n < 

1 and (j) n = 1 oil K and ||^n|liv' aQI < fc/ (n) ~ ^ as n — )• oo. Furthermore K has 
zero Lebesgue measure and <j) n — > almost everywhere. If we replace 4> by 
4>n in (|4.12p and let n — >■ oo we obtain v{K) = 0. 

2-The condition is sufficient. We first assume that v G W~ 2a ' k ({l) n9JT+(fi); 
for n G N, we denote by ti n the solution of 

(-A) a u+\T n (u)\ k - 1 T n (u) = v in n ^ 

u = in n c 

where T n {r) = sign(r) min{n, |r|}. Such a solution exists by Theorem 11.11 
is nonnegative and the sequence {u n } is decreasing and converges to some 
nonnegative u since {T n (r)} is increasing on M + . Furthermore 

< Un < G[u], 

by (|1.1U|) . This implies that the convergence holds in L 1 (J7). Since v G 
W~ 2a ' k {n), G{v] G L fc (0), it infers that 

\T n {u n )\ k - l T n {u n ) = (T n (u n )) k < (G[v]) k . 

Since for any £ G X Q there holds 

y (u„(-A) a £ + (T„K)) fc e) da; = ^ £du (4.14) 



we can let n — > oo and conclude that u is a solution of (|4.6|K unique by 
(|3.4p . Next we assume that (|4.8p holds. By a result of Feyel and de la 
Pradelle [19] (see also [E]), there exists an increasing sequence {v n } C 
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W 2a,k (Q) n 9JC_(fi) which converges to v in the weak sense of measures. 
This implies that the sequence {u n } of weak solutions of 

(-A) a u n + u k n = v n in 

(4.15) 

u n = in fi c 

is increasing with limit u. Taking 771 := G[l] as a test function in the weak 
formulation, we have 



(u n + u^ij dx= j r]idu n < / r]idv. 



Therefore u n — > u in L 1 (J7) n L k (Q, p a dx). Letting n->cowe deduce that 
u satisfies (14.61). □ 



Remark 4.2 If u is a signed bounded measure a sufficient condition for 
solving (|4.6|) is 

^W=0^HW=0- (4-16) 

This can be obtained by using the fact that the solutions of (|4.6p with right- 
hand side v+ and —V— are respectively a super solution and a subsolution of 
(|4.6|) . It is not clear whether it is also a necessary condition. 
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